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Abstract A class of multi-objective fractional programming problems (MFP) are
considered where the involved functions are locally Lipschitz. In order to deduce our
main results, we give the definition of the generalized (F, 6, p, d)-convex class about
the Clarke’s generalized gradient. Under the above generalized convexity assumption,
necessary and sufficient conditions for optimality are given. Finally, a dual problem
corresponding to (MFP) is formulated, appropriate dual theorems are proved.
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1 Introduction

Convexity plays a very important role in optimization theory. But for many mathemat-
ical models used in decision sciences, economics, management sciences, stochastics,
applied mathematics and engineering, the notion of convexity does no longer suffice.
To relax convexity assumptions imposed on the functions in theorems on optimal-
ity and duality, several definitions extending the concept of convexity of a function
have been introduced. Hanson [1] introduced the concept of invexity, generalizing
the difference x — y in the definition of convex function to any function n(x,y). He
established Karush-Kuhn-Tucker type sufficient optimality conditions for the scalar
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optimization problem. During the last 20 years, numerous articles have appeared in
the literature reflecting further generalizations and applications in this category (see,
e.g. [2-10]). Under various kinds of generalized convexities, some results for opti-
mality conditions and duality in multi-objective fractional programming problems
(MFP) have been obtained (see [11-20]). In particular, Bector et al. [11] derived Fritz
John and Karush-Kuhn-Tucker necessary and sufficient optimality conditions for a
class of nondifferentiable convex (MFP), and they established some duality theorems.
Following the approaches of Bector et al. [11], Liu [14,15] obtained necessary and
sufficient conditions and derived duality theorem for a class of nonsmooth (MFP)
involving either pseudoinvex functions or (F, p)-convex. In a recent paper [20], Liang
et al. introduced the concept of differentiable (F,6, p, d)-convexity, and he proved
optimality theorems and duality results for a (MFP) involving (F, 0, p, d)-convexity
functions.
In this paper, we consider the following (MFP):

(fl(x) fp(x))
g1’ gpx)
st. hix) <0, j=1,...,m,

(MFP)

where fi: R" - R, gi: R" — R, i=1,...,p, hj: R" - R, j=1,...,m, are locally
fi

Lipschitz and :R" - R,i=1,...,m, are locally Lipschitz too. And suppose

l
fitx) =0, g,-(x)g> 0, Vx € R". Denote by S the set of all feasible solutions for (MFP),
ie,S={xeR'Nhx) <0,j=1,...,m}.

For (MFP), we introduced a new concept of generalized (F, 6, p, d)-convexity about
the Clarke’s generalized gradient at first. Then optimality conditions are obtained.
Finally a dual model is formulated and duality results are proved using the concept of
generalized (F, 0, p, d)-convexity.

The organization of the remainder of this paper is as follows. In Sect. 2, some
definitions and notations are given. In Sect. 3, we establish necessary and sufficient
conditions for (MFP) involving generalized (F, 0, p, d)-convex maps. Finally, duality
theorems are presented in Sect. 4.

2 Preliminaries and definitions

Throughout this paper, let R" be the n-dimensional Euclidean space and R’} be
nonnegative orthant of R”. The following convention for any vectors x, y € R" will
be adopted:

x>y<ux;>y for all i=1,...,n,

x>y<=ux;>y; for alli=1,...,n.

Definition 1 A feasible solution u € S of (MFP) is called an efficient solution of
(MFP) if there exists no other feasible solution x € S such that

) _ fiw
gix) ~ giw)’

and at least one inequality holds strictly.

for all i=1,...,p
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Definition 2 [21]. The real-valued function f: R" — R is said to be locally Lipschitz
if for any z € R" there exists a positive constant k and a neighborhood N of z such
that, for each x,y € N,

lf () =fI = kllx = yll,

where || - || denotes any norm in R”.

For each d in R", f°(x;d) is the Clarke’s generalized directional derivative [21] of a
locally Lipschitz function f at x in the direction d defined by

fo(d) = limsup = (y + td) = f()).
1o+
It then follows that for any x and d
ford) = max(§7dl§ € 9f (),

where 9f(-) denotes the Clarke’s generalized gradient [21].

Lemma 1 [21]. Let ¢1, 2 R" — R be Lipschitz near x. If ¢1(x) > 0, ¢2(x) > 0, and if
@1, —@p are regular at x, then
@1 ©2(x)091 (x) — @1 (X)0¢2(x)
ol =) = 5 .
2 ¥5(x)

Definition 3 [22]. A function F: R" x R" x R" — R is called sublinear if, for any
X1,X2 € R",

F(x1,x0501 + a2) < F(xp,x2501) + F(x1,x2;02), Vai,on € R", (1)

F(xq,xp;ra) = rF(x1,x2;a), Vre R,r>0,0 € R". (2)
It follows from (2) that
F(x1,x2;0) = F(x1,x2;0a) = 0F (x1,x2;00) =0, VYa € R".

Definition 4 Let F: R” x R" x R" — R be asublinear function; let function¢: R" — R
be locally Lipschitz at x° € R”, 6: R* x R* — R,\{0}, p € R,and d: R" x R" — R.
The function ¢ is said to be generalized (F, 6, p,d)-convex at x* if for all £ € 9 (x")
and for all x € R", we have

0(0) = o) = F (x.% 006,20 ) + pd (x,2).

The function ¢ is called to be generalized (F, 0, p,d)-convex on R, if it is generalized
(F, 0, p,d)-convex at every point in R".

Remark

(1) IfF (x,x%00x,x")¢) = £7Tn(x,x%) in the above definition, then we get p-invexity
[23].

(2) If ¢ is continuous differentiable at XY, then we obtain (F, 0, p, d)-type convexity
[2].

(3) If 6(x,x")=1 in the above definitions, then we get generalized (F, p)-convexity
[19].
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Theorem 1 Assume f : R" — R, g : R" — R, are locally Lipschitz functions and
f@x) =0, gx) > 0 forall x € R". If f and —g are generalized (F,0, p,d)-convex at x°,

and f, —g are regular at X0 then ~ is generalized (F, 0,p, (_i)-convex at X9, where

0 0 0 0
g 06x)ex) (1+f(x )>’ ey = 42

e B G e

Proof For any x € R", we only need to prove that Vn € 9 (]j) (x9), the following
8

fo _f&)

g g% ~

holds. For any n € 9 ([) (x9), by Lemma 1, there exist « € df (x9),8 € 8g(x0) such
8

that

F (x,xo;é(x,xo)n) + pd* (x,x%)

g = 860 —fOD)B.

g2 (xY) ®)

By the generalized (F, 6, p, d)-convexity of f and —g at x%, f > 0,g > 0, we have that

fo _fa 1 [
g g g ggi0)

> L [F(x,xo;e(x,xo)a) + pdz(x,xo)]

) —f%) - g(x) — g(x")
( ) ( )

g(x)
g(ﬁ:;)m) [F(x’xo; —6(x.x)B) + pd2(x,x0)]
- é;gco)) [F (x,xo; 9(225;)))“) " g(SO)dz(x’xo)]
4 [ (s S | 1 ).

Using (1), then we have

fo &% g% 0. 00, x0a 00, x)Bf(0) d(e,x%) ]
Py 2 F % 0y 20 Pl
g(x?) g°(x”) g2 (%)

gx)  g(x% T gx)
0 3 z
Jit)! )2 0
d ’
s [(g(x)g(x% (o )}
0 0y _ 0
= 8 )F(x,xo;e(x,xo)—ag(x )2 Oﬂf(x ))
g) g% (xY)

1 f(xo)) 2,0
— (1 d%(x, x0).
+pg(x) ( - g(xY) )
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By (2) and (3), we obtain

fe _f(xU) 0. 0 g(x())) 1 ( f(xo)) , .
g@ g(XO) ZF()C,)C ;0(x,x)n 200 +,0g(7x) 1+g(x0) ds(x,x”).

f

Therefore, the function = is generalized (F, 6, p, d)-convex at x¥, where
g

_ 8%

0
0’ > 0. p=p 4l

9‘ 0
6 gx) g(x9)

) 172
), d(x,x°)=(g(ix)) d0xY).

3 Optimality conditions

In this section, we establish generalized Karush—-Kuhn—Tucker necessary and sufficient
optimality conditions for efficient solutions of (MFP).
Consider the following scalar minimization problem:

min  g(x)
(P) st.hj(x) <0, j=1,...,m,
where g,h; : R" — R, j=1,...,m,are locally Lipschitz functions.

At a point u € R", let us define
J'={jelJlhu) =0}, J={1,...,m},

oo — |14 e R d) < 0,7 €%, it J* #0,
R if J* =9,

o _ [ e R I ed) <0.jel), it I #0,
-~ | R, it J* = ¢.

For problem (P), we assume the following constraint qualification.
Constraint Qualification A. At a point u, it holds that Q° # .

The following result is a well-known necessary optimality condition, which can be
found in [24].

Lemma 2 [24]. If u is a local minimum for (P) and Constraint Qualification A is
satisfied, then there exist vi, ..., vy such that

m
0 € dqu) + Y vjdhju),
j=1

vihiw) =0, j=1,...,m,

vi=0, j=1,...,m.
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Lemma 3 [25]. u is an efficient solution for (MFP) if and only if u solves (FPy),
k=1,...,p, where (FPy) is the following problems:

. Ji)
min
8k (x)
(FPo) s.t. fix) < fiw for all i=1,...,p but i #k,
8i(x) — gi(u)

hix) <0, j=1,...,m.

We can prove the following generalized Karush—-Kuhn-Tucher type necessary opti-
mality theorem for (MFP).

Theorem 2 (Necessary Optimality Conditions) Ifu is an efficient solution for (MFP)
and satisfies Constraint Qualification A for (FPy), k =1,...,p, then there exist t € RP
and ). € R™ such that

p , m
0¢e Z ;0 (ﬁ) (w) + Z)\jahj(u)s
i=1

8i i1
Ahiw)y =0, j=1,...,m,

T=(1,...,7p) >0, A= (A1,..., ) >0.

Proof Since u is an efficient solution for (MFP), by Lemma 3, for any k € {1,...,p},
u is a minimal solution of (FPy), where

N 69
min
8k (x)
(FPy) s.t. fix) < fiw) for all i=1,...,p but i #k,
gi(x) ~— gi(w

hi(x) <0, j=1,...,m.

Since u satisfies Constraint Qualification A for (FPy), by Lemma 2, there exist

(k) (k) (k) (k) (k) (k)
TR Y SRETRN PRSTY PPN 7 , such that
Tk 2 k) fi S (K)o
Oeda(= )+ D Pa(=)aw+D 1 anw, (4)
8k : g ]
i=1 ]_1
ik
A}’%,-(u):o, i=1,....m, 5)
MO0, j=1.....m, (6)
>0, i=1,...,k—1, k+1,...,p. (7)

Let k = 1in (4)—(7), we obtain

P . m
0ed (g—l) @ + > 1V (g) @) + > P ohiw),
1 i ;
j=1

i=2
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1 .
)L; >h,»(u):0, j=1,...,m,
W =0, j=1,...,m

V>0, i=1,....p.
Let k =2 in (4)—(7), we obtain

0ed (fz) ) + z ok (f; ) () + Zx@ah W),

_1 i
1#2

A]@)hj(u) =0, j=1,....,m
A](.Z) >0, j=1,....m

>0, i=1,3,4,....p

Similarly, let kK = p in (4)—(7), we obtain

0ed (é{l) () + th’”a (; ) (1) + Zx(’”ah (),
§7

i=1 !
A;p)hj(u) =0, j=1,...,m

](p)ZOa j:17'--am7

>0, i=1,....p—1.

Since 0 (f) (u), 0 (fl ) (u),i=1,...,p, are convex, according to the above discus-
8i

sion, we have

0e Zr, ( )(u)—i—ZA,ah (W),

j=1

Ahiw) =0, j=1,...,m

where 7 =1 + 12 4+ 4470 144 4P =1 =38 A}") > 0. The
proof is complete.

In the following, we present some sufficient efficiency conditions for (MFP) under
the generalized (F, 0, p, d)-convexity assumptions.
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Theorem 3 (Sufficient Optimality Conditions) Let x” be a feasible solution of (MFP).

Suppose that there exist t = (t1,...,7) € RP, 1 > 0, and A = (A1,..., ) € R such
that
OEZ‘L} ( )(x0)+ZA]8h(x) (8)
l
j=1
A% =0, j=1,...,m. 9)

Iffiand —g; i = 1,...,p) are generalized (F,61;, p1;, d1;)-convex at x9, hiG=1,...,m)
are generalized (F, 0, p2j, daj)-convex at X0, and

)4
_ [d (x,x")1? [daj (x,x%)1?

; >0 10
i=1 TG00 Z T 5,40 (x,x0) ’ {10

B 0 (0 (0 _ di: 0
where 0;(x,x%) = 71’()(’% )8i(x ), b = P (1 + fl'(xo) ), and d;(x,x") = 71’(1)(’)6 ).

) &i(x0) e
Furthermore, if fi and —g; (i = 1,...,p) are regular at x°, then X" is an efficient solution

for (MFP).

Proof By (8), there exist n; € 9 (f ) «,i=1,...,p, yj/ € ahj(xo), such that
8i

Zrm, Zk,yj =0. (11)

i=1

Suppose that x¥ is not an efficient solution of (MFP). Then there exists a feasible
solution x of (MFP) such that

fi) _ fix®)
gi0) T gi(x")’
and at least one inequality holds strictly.

i=1,....p (12)

By Theorem 1, for each i, 1 <i < p, ﬁ is generalized (F, éi,ﬁi,c_li)—convex at x%, we

8i
have
x 0
0 SO P + pld e ) P,
gix) g —
0 0 (0 _ . 0
where 8;(x, x0) = M, 0i = P1i (1 + ﬁ(xo)), and d;(x,x") = M
gi(x) 8i(x%) g’ (%)

Since 6;(x,x%) > 0, by the sublinearity of F and (12), we have

1 ) fix®) [di (x, "))
L (ﬁ f 0) P + BT
Oi(x,x%) \gi(x)  gi(x") 0;(x,x7)
Hence, we obtain the following p inequalities
T (v 02
F(x,xo;ng)—l—ﬁi[dl(x’x )] 0, i=1,...,p

6i(x,x0)
@ Springer
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and at least one inequality holds strictly.
Multiplying the above p inequalities with 7;, respectively, and then adding them
together, we have

P [d(xx)]
Z‘L'ZF(X X ’71) —i—ZtlplW <0

i=1

By the sublinearity of Fand 7; > 0,i =1,...,p, we have that

p p
z nF (x,xo; n{) > F(x,x; Z 7i1;).-
i=1 i=1

Hence, we get

P [d,(x X )]2
X, X Zrml) + Zt,,o, 7o) < 0. (13)

i=1
Substituting (11) into (13), we obtain

P di(x,x”)
ZA])/] +Zr,p,[0(x xo)] < 0. (14)
The sublinearity of F and (10) yield
2
P [d (x,x )]

Z)u])/] +Ztl’ol QZ(XXO)

- < doj (. x|
oo (S|« Sl

j=1 J=1
. p [d (x,x ]2 [dzj(x X )]
> F(x,x ;0)+Zfipl 7 (.20 Zk,pz, 62;(x, x0)
i=1 J

_ Zrﬁ [L_i,'(x x ]2 Z)\ " [ (x,x )]

izlll 0:(x, x0) T b0y
> 0.

Using (14), we obtain
dori(x,x")
F | x,x° ZA])/] + Z)\JPZJ [ 922] x, xo)] > 0. (15)

On the other hand, forj = 1,...,m, by the generalized (I, 6y}, 02}, d2;)-convexity of ;
at x9, we have

hj(x) — hj(x°) > F (xny;OZj(xﬂVO)V]’/) + p2jldaj(x, x°)17.
@ Springer
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By using 1; > 0, 6;(x, 10y > 0,j=1,...,m and the sublinearity of F, we have
& hj(x) — hij(x%) 0. [dajx, x|
> F A A .
Zl: 0o (x, xO) X, X Z ]]/] +Z P2~ 0y 02 (x, x9)

Since x is feasible for (MFP) and 6(x,x%) > 0, (9) implies that

i hj(x) — h; (xo)

~ (a0

Then, we obtain

d
F (x x ka) +fosz 92]((’; fco))] <0, (16)

which contradicts (15). Therefore, x? is an efficient solution for (MFP). The proof is
complete.

4 Duality

In this section, we formulate the following dual problem for (MFP):

(f1 (u) fp(u))
g’ gy

f.
MFD) St 0e3Xwd gf (W) + 272 Ajoh(u)
Ajhj(u)zo, j=1,...,m
T=(11,...,p) €RP, T >0,

A= (M,...,Am) € RT.
We establish weak, strong duality theorems between (MFP) and (MFD).

Theorem 4 Let x be a feasible solution for (MFP) and let (u, t, ) be a feasible solution
for (MFD). Suppose f; and —g; are regular at u. If f; and —g; (i = 1,...,p) are
generalized (F,0y;, p1;,dy;)-convexatu, hj = 1,...,m)are generalized (F, 0y, p2j, d;))-
convex at u, and the inequality

P

- [d (x w!? dz,(x w1
gw _ (. fw S dyw
holds, where 0;(x,u) = 0y;(x, u) 2— 2’ pi = (1 + gi(u)) and d;(x,u) = lgi01/2
then
£ fiw -
@) < @’ forall i=1,...,p
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and

T () fk(u)
gk(X) grw)’

for some ke {l,...,p}

can not hold.

Proof Since that (u, T, A) is a feasible solution for (MFD), we have

OGZI, ( )(u)+ZA,ah (), (18)

j=1
)\.jhj(u) >0, j= 1,....m, (19)
T=(1,...,7) >0, A=(A1,....,4) =0. (20)

Therefore, there exist n; € 9 (f ) w), i=1,...,p, yj/ € dhj(w), j=1,...,m, such
8i
that

P m
PRTEDD Ay = 0. (21)
i=1 j=1

Suppose, contrary to the result of the theorem, that for a feasible solution x for (MFP)
and a feasible solution (u, 7, 1) for (MFD)

i fiw
gix)  giw) ~

and at least one inequality holds strictly. For each i, 1 < i < p, by the generalized
convexity assumptions and Theorem 1, we have

i=1,....p (22)

fi)  fi(w) A N A0 2
pore e > F (x,u;0;(x,u)n;) + pildi(x, )],
where 0;(x,u) = M, i = Pl (1 + fi@ ), and d;(x,u) = dlli(;’ u)' Using
8i(x) 8i(u) g*(x)
7 > 0,0;(x,u) > 0 and (2), we get
T (ﬁ(x) B ﬁ(u)) Foeu:mn)) + 15 [di (x, w)]*
Oie,u) \&i(x)  gi(w) A e ey
Then, by (22), we obtain
F(x,u; r,n,)—i—r,',% <0, i=1,...,p.

Furthermore, at least one of the above inequalities holds strictly. After adding these
inequalities together, we get

ZF(x u; Tin) +Z 0 [C;((x L:l))] < 0.
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Hence, it follows from (1) that

(x u; Zr,nl) i ,_,7[62((113)] < 0. (23)
By the (F, 62, p2j, dzj)-convexity of s atu,j =1,...,m, we have
hj(x) = hj(u) = F (e, u;025(x,0)y;) + pojldaj(x, w1
Using A; > 0 and 6;(x,u) > 0, we get

hi(x) — hj(w) ) [daj(x, )]
- - ' >F A Nipyi— T
b)) APy

Adding these inequalities together and using the feasibility of x and (i, T, A), we obtain

j j=1,...,m.

d
> rinacia 3o

0 (x, u)
Using (1) again, we have
[daj(x, )]
F | x,u ZA,)/] +Z)»],o2] Ql(x ” <0. (24)

By (23) and (24), we have

o ld; [d I?
(xuzfﬂ)l)—l-an _(x u) +F quA}V] +Z)»] P2j 92]](();?)

l

Based on the sublinearity of F, by (21), we obtain

p

wum] [da;(x,u)?
Z M,)+ZM%@——*<0

= P (%, 1)
which contradicts (17). The proof is complete.

Theorem 5 Assume that x is an efficient solution of (MFP) and the Constraint Quali-
fication A holds at x for (FPy), k =1,...,p. Then there exist T € R, A € R™ such that
(X,T,A) is a feasible solution for (MFD). Furthermore, suppose fi,—gi, i =1,...,p
are regular at x. If f;,—gi,i = 1,...,p, are generalized (F,6y;, p1;i,d1;)-convex at X,
hj,j=1,...,m, are generalized (F, 02}, pzj, daj)- convex at X and the inequality

P m
_ [dz(x x)] d2](x x)
Z " 6D 2 7o x)

gi(X) fi(x) o dy;(x, %)
holds, where 6;(x,x) = 01;(x, x) 5 pi = pii (1 + gi()_C))’ and di(x,x) = W’
then (x,7,1) is an efficient solution of (MFD).
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Proof Since x is an efficient solution for (MFP) and the Constraint Qualification A
holds at x for (FPy), k = 1,...,p, from Theorem 2, there exist T € R”, X € R™ such
that (%, 7, A) is a feasible solution of (MFD). If (&, 7, A) is not efficient for (MFD), then
there must exist a feasible solution (x*, t*, A*) of (MFD) such that

fi(®) _ fi(x*)
gi(x) ~ gix*)’

for all i=1,...,p

and

k@ fiex)

- < b
8k(X)  gr(x*)

for some k € {1,...,p},

which contradicts the weak duality result appearing in Theorem 4. Therefore, (¥, T, 1)
is an efficient solution of (MFD). The proof is complete.
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